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In a l inear setting we examine the stability of the flow of a viscous incompressible  liquid 
between eccentr ic  cyl inders ,  the inner cylinder rotat ing and the outer cylinder fixed. We 
consider  the case of a narrow gap between the cylinders,  which is charac te r i s t i c  for problems 
in lubrication theory.  The main flow, perturbat ions,  and the cr i t ical  Reynolds number  are  
found in the fo rm of expansions in powers of the eccent r ic i ty  r to within O (r The resul ts  
obtained agree with the known experimental  data for 0 -< ~ -< 0.5 and confirm the stabilizing 
influence of the eccentricity~ 

In the experimental  papers  [1-5] it is shown that during the loss of stabili ty of Couette flow between 
rotating eccentr ic  cylinders,  a secondary  flow of Taylor  vor tex  type ar i ses .  Attempts to analyze this phe- 
nomenon by the method of "local stability," i.e., the investigation of the stability of veloci ty profi les  at 
var ious  sect ions of the gap between the cylinders,  has led to contradic tory  resul ts  [6-8]. 

F r o m  the point of view of the calculation of bearing slippage, the case in which there  is a small  gap 
r between the cylinders is of par t icu lar  interest  [r = (R 2-RI)/R2,  R 1 and R 2 are  the cyl inder  radii] .  
Writing the equations of motion of the viscous liquid in bipolar coordinates and discarding them in t e r m s  of 
higher o rder  in r  we obtain the following sys tem of equations, a detailed derivation of which is given in [7]: 

a~v h2 c~P IhV OV _ ov ) Oy 2 ~ = Re* h U 

a___r = O, au a (hV) = 0 (h = 1 = ~ cos ~) Oy oy oc~ 

In Eqs. (1) the veloci ty components V and U are r e fe r r ed  to wR 1 (w is the angular rotation rate of 
the inner cylinder),  the p r e s s u r e  P is r e f e r r e d  to po)2R12Re *-1 [Re* = Re ~, Re = wRI(R2-RI)/u is the Rey- 
nolds number,  p is the density, and u is the v iscos i ty  of the liquid]. 

The boundary conditions for the sys tem (1) a re  

V (0, (p) = U (0, qD) = V (t, ~) = 0, V (t, ~) = 1 (2) 

The coordinate y is reckoned from the outer cylinder and is equal to 1 on the inner cylinder.  For  
the functions U, V, and P periodici ty  conditions in ~ must also be satisfied. 

The study of the stabil i ty of the flow (V, U) by the method of small  per turbat ions reduces  to a cha r ac -  
te r i s t ic  value problem for the number Re (see [7]): 

i 

, 0 (hu)  ' o (3) 
2h c~ 2k~h ~ Oy ,. - - ~ - - U  -~JL h Oy]| 

( a~ ) OV Ou u - - ~ = v = O  (y=O,l) - -  k2h 2 v = -- Pie h -57 u, Oy 

with periodici ty  conditions in ~ for  u, v, and p. 
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H e r e  u and v a r e  p e r t u r b a t i o n  v e l o c i t y  componen t s  and k is the wave number .  We c o n s i d e r  the c l a s s  
of  p e r t u r b a t i o n s  c o r r e s p o n d i n g  to  o b s e r v e d  T a y l o r  v o r t i c e s ,  i .e . ,  p e r t u r b a t i o n s  which fo r  ~ =0 b e c o m e  
ro ta t iona I ly  s y m m e t r i c .  We pos tu la te ,  as  in the case  of  concen t r i c  cy l inde r s ,  that  the "p r inc ip l e  of  s tabi l i ty  
va r i a t i on"  appl ies .  

In s tudying  s tab i l i ty  we c o n s i d e r  the p r o b l e m  (1), (2) as  an aux i l i a ry  p r o b l e m  even th rough  it is of  
i n t e r e s t  in i ts  own r ight  (see [9-12]).  We seek  a solut ion of th is  p r o b l e m  in the f o r m  of  s e r i e s  in power s  
o ~ :  

U = U 0 .-Jr- 13U 1 @ g 2 U  2 -@ . . . .  V = V 0 -}- E;V 1 @- E2V 2 Jr-. . .  

The c o n v e r g e n c e  of  these  s e r i e s  for  suf f ic ien t ly  smal l  e fol lows f r o m  the  r e s u l t s  given in [13]. 

Subst i tut ing Eqs .  (4) into Eqs .  (1) and (2), we obtain 

Vo = g, Uo ~ 0 ,  Po ~ c o n s t  
O~V, OPt Re,  ( OV~ ) O P t  
o,~ ~ O~ . g ~ - -  U1 , Oy - - 0  (5) 

O Ut 0 Vt 
0!! 0~p @ y sin (9 = 0, U1 = Vx = 0 (g.= 0, t) (6) 

O~-V2 cgP~ / O V 2  U.2) + 2 cos q~ ~_~2_~ Re. IV1 @ ovt I .  OVt 

op~ _ 0 ,  ou2 ov~ /9 (Vlcosq~)=0, U s = V 2 = 0  (y=0, t) 
oy oy ocp o~ 

Wri t ing  the so lu t ions  of the p r o b l e m s  (6) and (7) in the f o r m  of F o u r i e r  s e r i e s  in r  we c o n f i r m  that  
they  a r e  of  the f o r m  

V~ = Vll (g) sin ~ + Vlz (g) cos 
U1 = Ull(g) sin~p + U~2(g) cosq~ (8) 

P l =  P n  sin qo + P12 cos q) 

V2 = V2o (y) + V2x (g) sin 2q~ -4- V2~ (y) cos 2q~ 
U2 = U21 (g) sin 2r + U22 (y) cos 2r (9) 
P"~ = P2o + Pea sin 2r + P2z cos 2q~ 

P r o b l e m  (6) r e d u c e s  to a s y s t e m  of o r d i n a r y  d i f fe ren t ia l  equa t ions  

U z ~v • Re* g ~2 0, ~7~(0) f2 n 0 11 ' = = U l l  t (0) : ( t )  = U l l "  (1) 

U~2 ~v - -  Re* g Glt" = Re* (4!I - -  6/fl), U12 (0) = U12' (0) = g i 2  ( I )  

= U ~ 2 ' ( I ) = O  
Vn = U~2', V~2 = - - ~ -  U~/ ( 1 0 )  

where 

U n =  U n - - g ~ ( l  - - y )  

S imi la r ly ,  p r o b l e m  (7) r e d u c e s  to the s y s t e m  of equa t ions  

U '  = = U '  = U21 Iv + 2Re*gU22" = F1, U21 (0) = .~1 (0) U~I (1) 21 (1) 0 
U22 I v - 2 R e * g  U~I"= Fz, U22(0) = U ' U ' 22 (0) = U22 ( t )  = 22 ( t )  = 0 

V21 = 1/2 ( U = '  - -  V n ) ,  Vzz = - -  1/z ( U = '  § V12) 
V2o = 1]2 Re* (UlIVll' @ UlzV12' -1- U12 @ 2g Vn) + VI2" (0), V2o (0) 

= v~0 (t)  = o 

H e r e  

(11) 

(12) 

F~ : R e  $ [UI2V12 n ~ -  U12'V12'  -~  ~ f l lVl l "  -~  U I t ' V l I t  ~-  U12' - -  

- -  2 V I I V I ,  z' - -  2 V I I ' V 1 2  - -  y V n ' ]  

F2 = Re* [2VnV~/ --  2V~zV~z' --  U~V~z" --  U~'V~'  --  
- -  U I ,  V i i "  - -  U12' V i i '  - -  U l l  t - -  y VI2' -@ y] (13) 
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In so lv ing  the  p r o b l e m s  (10) and (12 )we  app l ied  the  method  of m o m e n t s  [14] (a p a r t i c u l a r  v e r s i o n  of 
the  P e t r o v - G a l e r k i n  method) .  The  so lu t ion  is  sought  in the  f o r m  

Un, ~ = y2 (i --  y)~ A~y ~, U~, ~ = y~ (t -- y)~ ~, Be, y~ 
k : o  k=0  

U~t ,n=Y~(l - -y)  ~ ~ a ~ y  ~:, U ~ , n = y ' ( t - - y ) ' ~ b c y ~  
k=O k=O 

The c o n s t a n t s  Ak, Bk, ak ,  b k a r e  d e t e r m i n e d  f r o m  the s y s t e m s  of equa t ions  
1 

fq?~v n, ~ ~- Re* yUle, ~) y~dy = 0 
0 

1 ' 

~ U  TM - , ,  j ~ ~z, ~ - -  Re* yUn, ~)y dy = 6 Re* / (3 -~ k) (k = 0, 1 . . . . .  n) 
0 

(14) 

(15) 

1 1 

I (U~tV' = ~- 2 Re* yU;2, ~) y~dy = f Fxy~ dy 
0 0 

i 1 

S~U TM t ~, ~ --  2 Ite* yU's ,~) ~ dy = S F~Y~ dy 
0 0 

(16) 

We so lved  the  a l g e b r a i c  s y s t e m s  of equa t ions  (15) and (16) fo r  v a r i o u s  v a l u e s  of  R e *  on the  M-20 
e l e c t r o n i c  d ig i ta l  c a l c u l a t o r  fo r  v a r i o u s  n to a ch i eve  the r e q u i r e d  a c c u r a c y .  A s  a ru le ,  c o n v e r g e n c e ,  fo r  
a l l  p r a c t i c a l  c o n s i d e r a t i o n s ,  w a s  o b s e r v e d  f o r  n = 9. 

F o r  the  so lu t ion  of the s t ab i l i t y  p r o b l e m  (3) the c h a r a c t e r i s t i c  Re n u m b e r  and the  c h a r a c t e r i s t i c  
funct ions  u and v c o r r e s p o n d i n g  to it can  be wr i t t en  in the  f o r m  of  p o w e r  s e r i e s  in ~ fo r  su f f i c i en t ly  s m a l l  
e c c e n t r i c i t i e s :  

Re = Re0 + e Re I + e2Re2 + . . .  (17) 

u (y, ~) = u0 (y) + eu, (y, r + 8~u~ (y, ~) + ... 
v (y, r  v0 (y) + ev~ (y, r + s2v~ (y, ~) + ... 

(18) 

Subsl tu t ion  of the e x p a n s i o n s  (4), (17), and (18) into Eqs .  (3) l eads  to  the  fol lowing r e c u r s i o n  p r o b l e m s :  

(d 2 / @2 _k~)2uo _ 2k 2Re* yvo = 0, uo-= duo / dY = 0 (~=o, i) 
(d ~ / dy ~ - - k  ~) vo + Reouo = 0, Vo = 0 (y=0,1) (19) 

[( o_~ _ k~)2 _ Re, an (y o ~ o .-g-~- + ~ -  --  k'y ) ] u, -- 2k2 Re* yvt = 

d' I d~uo -4- duo sia(p 

d~uo ovl d~.0 k~uo o~1 + k~ d;o u~ 
- -  U I "  - ' ~  c3y dy  ~ + oy ay  

"4- k2uoY sin (p 3- 2k~voV1 :-[- 8k2voy cos ~p) ~ (91t (20) 

/ OV~ cos qD) - -  ( ~--~-~ --k~) v~ + Reo u~ = 2k2vo COS T - -  Reo uo l"gT + 
t 

- - R e t u 0 ~ ( 9 ~ ,  u ~ = 0 u ~ / O y = v l = 0  (y=0, i) 
0 [ (-~-y~ -- k' )~ --  Re" :---~ ( Y ~ + ~" --  k~y ) ] u, -- 2k~ Re" yv2 = (9~l 

( 0 9 / @ 2 _ k  2) v2+ Reouz=  (922, u 2 =  0 u 2 / @ - -  v 2 = 0  (,~=0, t) (21) 

The  func t ions  ut, v p  and u 2, v 2 mus t  a l so  s a t i s f y  p e r i o d i c i t y  condi t ions  in q .  The  expressions fo r  
~21 and ~.2 a r e  not g iven  h e r e  on account  of t h e i r  complex i t y .  

P r o b l e m  (19) c o r r e s p o n d s  to  the ca se  of r o t a t i ng  c o n c e n t r i c  cyl inders~ i ts  so lu t ion  is wel l  known 

(see ,  fo r  e x a m p l e ,  [151). 

F o r  so lvab i l i t y  of  t h e  p r o b l e m s  (20) and (21) it is  n e c e s s a r y  and suf f ic ien t  tha t  the fol lowing condi -  

t i ons  be sa t i s f i ed :  
27;1 

S . f  ((911/s $ ~ -  ( 9 1 2 y o * ) d y d q )  = 0 (22) 
0 o  
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A /  

5g od 

Fig.  1 Fig.  2 

o 0  

Here  u 0 * and  v 0* a r e  so lu t ions  of the ad jo in t  p r o b l e m  

(de / dg 2 - -  ke) e Uo* + Reovo* = 0, uo* = duo* / d g  = 0 (y = 0, t) 
(d 2 / d g  ~ - - k  e) Vo* - - 2 k e R e  * guo* = 0, v0* = 0 (y=0, l) 

(24) 

It fol lows f rom the condi t ion  (22), a f t e r  the e x p r e s s i o n s  (8) have been  subs t i t u t e d  into @11 and ~12, tha t  

Re 1 = 0 

Let  T O =2Re0 2 r be the T a y l o r  n u m b e r  for the ro t a t i ng  c o n c e n t r i c  c y l i n d e r s  p r o b l e m .  If we seek  u 0 

and  v 0 in the f o r m  

g~ (1 - -  g)e ~ C~.y~, Vo,~ (2k 2 Re*) - ly  (1 - -  y) D~g k (25) 
~ 0  k~0  

t hen  the app l i ca t ion  of the m o m e n t  method  equa t ions  to p r o b l e m  (19) a l lows us to d e t e r m i n e  the s m a l l e s t  
c h a r a c t e r i s t i c  va lue  T o as  a func t ion  of the wave n u m b e r  k, where  T o m i n = 3 3 8 9 . 9  fo r  k = 3 . 1 3  with n =6. We 
can a l so  d e t e r m i n e  the c o r r e s p o n d i n g  c h a r a c t e r i s t i c  func t ions  f r o m  Eqs .  (25) and, s i m i l a r l y ,  the c h a r a c -  
t e r i s t i c  func t ions  of the adjo in t  p r o b l e m  (24). 

Pu t t i ng  Re 1 =0 in Eq. (20) and knowing u 0 and v0, we d e t e r m i n e  func t ions  u 1 and vl,  t h e i r  F o u r i e r  s e r i e s  

e x p a n s i o n s  be ing  of the f o r m  

u 1 = u n (g) sin(p § uiz (g) cos % v I = v i i  (g) sin ~0§ vi~ (g) cos ~ (26) 

Subs t i tu t ion  of Eqs .  (26) into Eqs .  (20) l eads  to the s y s t e m  of equa t ions  

- -  ~ R e * ( y  d~ d _ k 2 y  ) 2keRe .  yvl ' =  

d3uo dun d~un §  d'2uo duo 
= Re* U n dy ~ dy dg z ' ~  § dy --  

§ keuo ~ + k e du~ Uli§ § i Vilvo ) dy 

- -  k ) ul2 - -  Re* g - d 7  + -d~ - -  keg Uil --- 2k e Re* gvl2 

- -  k e uo + Re* --UI~ d3UOdy 3 dUl~dv d~U~ "~ + 

.,~ d(fl2 ~ t,2 duo IT 1 V 4 ) 

(d~ ) + T o  ro dY,  
- -  k2 L'11 2 Re* u l l  : - -  ~-R-~.~- u0 dg 

(__~y __ ke) vie A_ To 1 To / dVl~ l )  
' "2 R~* ul2 ~ Vo - ~ Uo I-W-y + 

U l l  (0)  = U l l  ( J )  : dUll / dy (0) : dull / d g  (1) : 0 
ul~ (0) = Ule (t) = dUl~ / dv (0) = dUle / dt~ (t) = 0 

?/11 (0)  : Vl l  ( l )  = V12 (0)  = ?)12 ( t )  ~-  0 

(27) 

The func t ions  ull  , u12, v i i ,  vl2 w e r e  d e t e r m i n e d  by  the m o m e n t  method d e s c r i b e d  above for  fixed v a l u e s  
of k and R e * .  Next we subs t i t u t ed  the so lu t i ons  of p r o b l e m s  (19) and (20) for  these  s a m e  v a l u e s  of k and 

381 



Re * into the expres s ions  for  ~21 and ~22 i n t h e  solvabi l i ty  condition (23), and f rom these  we calcula ted 
the value of Re 2 (k, Re*) .  

The r e su l t s  obtained were  reduced to the f o r m  

(T / 2)'2 = Reap ~'~ : (T o / 2 + e 2 Re2Re* d- ...)'1' (28) 

For  fixed values  of Re*  and r f r o m  the in te rva ls  0.1 <- Re* -< 9, 0 -< e -< 0.5,  we de te rmined  the 
value of (T/2),b/2 =min k (T/2)1/2 and the cor responding  c r i t i ca l  wave number  k . .  These  resu l t s ,  toge ther  
with the known exper imen ta l  data, a r e  shown in Figs.  i and 2 (for cu rves  I and 1I the values  of Re*  were  0.1 
and 9, respec t ive ly ;  for  the data labeled 1, 2, and 3 values  of r were ,  respect ively,  0.08, 0.045, and 0.01, 
taken f rom [1], [3], and [2], respect ive ly) .  The cu rves  calculated for  0.1 < Re* < 9 a re  not shown here;  if 
drawn, they would appear ,  in both f igures ,  between the curves  labeled I and II. 

Thus, it follows f rom the l inear  t heo ry  of s tabi l i ty  that  for  re la t ive ly  smal l  eccen t r i c i t i e s  there  is a 
tendency for  k .  to d e c r e a s e s  as  e i nc reases ,  while the c r i t i ca l  T a y l o r  number  i nc rea se s  monotonical ly 
with an inc rease  in the eccent r ic i ty .  Moreover ,  an inc rease  in the modified Reynolds number  Re * (equiva- 
lent to an inc rease  in the re la t ive  gap r fu r ther  r e in fo rces  each of these  effects .  

S imi lar  r e su l t s  were  obtained recen t ly  by another  method, and under additional assumpt ions  (in p a r t i -  
cular ,  the wave number  k was a s sumed  to have the fixed value k=3.127),  by R. Di P r i m a  and J .  Stuart  [16, 
17]. The i r  r e su l t s  a re  shown for  compar i son  in Fig. 1 (dashed curve).  

The authors  wish to thank N. P. Ar temenko,  A. D. Myshkis,  and R. Di P r i m a  for  a useful d iscuss ion  
of the p rob lem.  
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